Let M be a manifold carrying the action of a Lie group G, and A a Lie algebroid on M equipped with a compatible infinitesimal G-action. Out of these data we construct an equivariant Lie algebroid cohomology and prove for compact G a related localization formula. As an application we prove a Bott-type formula.
Introduction
The notion of Lie algebroid, which may be regarded as a natural generalization of the tangent bundle to a manifold, allows one to treat in a unified way several geometric structures, such as Poisson manifolds, connections on principal bundles, foliations, etc. Since in many situations one can associate a Lie algebroid to a singular foliation, Lie algebroids seem to provide a way for generalizing several constructions (e.g., connections) to singular settings. Recently several field-theoretic models based on Lie algebroids have been proposed, see e.g. [12] .
Every Lie algebroid intrinsically defines a cohomology theory. On the other hand, the theory of G-differential complexes developed in [7] encompasses the case of the equivariant Lie algebroid cohomology that one can define when an algebroid carries a (infinitesimal) action of a Lie group G compatible with an action of G on the base manifold M . A natural question is whether one can generalize to this setting the usual localization formula for equivariant (de Rham) cohomology. This seems to have also a certain interest for the applications; for instance, recently the localization formula has been used to compute the partition function of N = 2 super Yang-Mills theory [10, 3] . In this case the relevant cohomology is the equivariant de Rham cohomology of the instanton moduli space (i.e., the relevant Lie algebroid is the tangent bundle to the instanton moduli space). It seems plausible that super Yang-Mills theories with a different number of charges may be treated in a similar way with a different choice of a Lie algebroid on the moduli space.
The paper is structured as follows. In Section 2 we review the basic definitions and some constructions concerning Lie algebroid cohomology. Section 3 introduces the equivariant Lie algebroid cohomology, basically following [7] . In Section 4 we prove our localization formula. In Section 5, following [6] , we review one of the several approaches to connections on Lie algebroids. This will be used in Section 6 to prove a Bott-type formula.
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Lie algebroid cohomology
Let M be a smooth manifold. We shall denote by X(M ) the space of vector fields on M equipped with the usual Lie bracket [ , ]. 
Morphisms between two Lie algebroids (A, a) and (A ′ , a ′ ) on the same base manifold M are defined in the natural way, i.e., they are vector bundle morphisms φ : A → A ′ such that the map φ : Γ(A) → Γ(A ′ ) is a Lie algebra homomorphism, and the obvious diagram involving the two anchors commutes.
With any Lie algebroid one can associate the cohomology complex (C • A , δ), with C • A = Γ(Λ • A * ) and the differential δ defined by
The resulting cohomology is denoted by H • A and is called the cohomology of the Lie algebroid A.
One should notice that if A is a vector bundle and δ is a differential for the complex Λ • A * , out of δ one can construct an anchor a : A → T M and a Lie bracket on Γ(A) making A into a Lie algebroid.
We recall some examples of Lie algebroids. 
(where L is the Lie derivative) and the anchor is the Poisson tensor. The cohomology of A is the Lichnerowicz-Poisson cohomology of (M, Π). △ Example 2.5. Let P p − → M be a principal bundle with structure group G. One has the Atiyah exact sequence of vector bundles on M
(a connection on P is a splitting of this sequence). On the global sections of T P/G there is a natural Lie algebra structure, and taking the surjection T P/G → T M as anchor map, we obtain a Lie algebroid -the Atiyah algebroid associated with the principal bundle P .
If E is a vector bundle on M , we can also associate an Atiyah algebroid with it: in this case indeed one has an exact sequence
where Diff 1 0 (E) is the bundle of 1-st order differential operators on E having scalar symbol [8, 11] , and again Diff 1 0 E, with the natural Lie algebra structure on its global sections and the natural map Diff 1 0 (E) → T M as anchor, is a Lie algebroid. The two notions of Atiyah algebroid coincide when P is the bundle of linear frames of a vector bundle E (indeed, an element in T u P is given by an endomorphism of the fibre E p(u) and a vector in T p(u) M ).
Lie algebroids whose anchor map is surjective, as in the case of the Atiyah algebroids, are called transitive. △
Following [5] we now describe a twisted form of the Lie algebroid cohomology together with a natural pairing between the two cohomologies. This will be another ingredient for the localization formula. Let Q A be the line bundle ∧ r A ⊗ Ω m M , where r = rk A and m = dim M ,
and Ω m M is the bundle of differential m-forms on M (later on we shall denote by Ω m (M ) the global sections of this bundle). For every s ∈ A define a map L s = {s, ·} = :
Moreover define a map
We denote the resulting cohomology
Let M be compact and oriented; then there is a nondegenerate pairing
There is a version of Stokes' theorem [5] for the complexC • A :
Proof. The formula follows from the identity stating that
This implies that the pairing descends to cohomology, yielding a bilinear map
This pairing in general may be degenerate.
One also has a natural morphism
A which is compatible with the degrees. Again this descends to cohomology and provides a cup product
3 Equivariant Lie algebroid cohomology
In this section we introduce an equivariant cohomology for Lie algebroids, basically following the pattern exploited in [7] to define equivariant cohomology for Poisson manifolds (and falling within the general theory of equivariant cohomology for G-differential complexes given there).
Assume that a Lie group G (whose Lie algebra we denote by g) has an action ρ on M . Assume moreover that there is a Lie algebra map b : g → Γ(A) such that the diagram
commutes, whereρ : g → X(M ) is the Lie algebra homomorphism
Remark 3.1. One should notice that we are not asking for a finite action of G on the Lie algebroid, and that the anchor is equivariant; in a sense, the requirement of the existence of the morphism b making the diagram (6) commutative is an infinitesimal version of an equivariance requirement. Note however that the resulting complex and cohomology groups will depend on b, unless the anchor is injective. △ Example 3.2. Let Π be a regular Poisson tensor on M (i.e., Π has constant rank), and let S be the associated symplectic distribution. After choosing a splitting of the exact sequence
one can define a bracket on sections of S * . Then S * becomes a Lie algebroid with anchor Π (the Lie algebroid itself depends on the splitting of the above sequence, but its cohomology -called the tangential Lichnerowicz-Poisson cohomology -does not, cf. [14] ). The family of symplectic forms defined on leaves yields an isomorphism S ≃ S * , and composing this with the homomorphism ξ → ξ * , an infinitesimal action g → Γ(S * ) is defined (this is what in [7] is called a cotangential lift). △ If for a ξ ∈ g the point x ∈ M is a zero of ξ * then we have the usual endomorphism
and an endomorphism
We consider the complex
with the grading deg(P ⊗ β) = 2 deg(P) + deg β and define the equivariant differential δ g :
) is a cohomology complex, whose cohomology we denote H • G (A) and call the equivariant cohomology of the Lie algebroid A. By considering the complex
with a differentialδ g obtained by coupling δ g with the differential D, and letting Q • G = kerδ 2 g , one also has a twisted equivariant cohomology H • G (Q A ), and there is a cup product
Example 3.3. Let the manifold M carry an action of a Lie group G, and let E be a vector bundle on M on which the action of G lifts. Let ∇ be a G-equivariant flat connection on E. For every vector field X, let X ∇ be its horizontal lift (a section of the Atiyah algebroid Diff 1 0 (E)). Using the connection ∇ to split the Atiyah sequence (3) we may write
(where Ω i (E) is the space of E-valued i-forms) with the differential
If we let b(ξ) = (ξ * ) ∇ , an equivariant cohomology for the Lie algebroid A = Diff
where
is the G-equivariant de Rham cohomology of M with coefficients in (E, ∇). △
Localization
In this section we write a localization formula for the equivariant Lie algebroid cohomology. The necessary assumptions will be spelled out during the construction. We start by assuming that M and G are compact, 1 that M is oriented, and that a ξ ∈ g has been chosen such that ξ * only has isolated zeroes. We denote by M ξ the set of such zeroes. We choose a G-invariant metric h on M .
Lemma 4.1. There exists a 1-form λ on M such that 1 The compactness of G implies the existence of G-invariant metrics and partitions of unity on M .
1. L ξ * λ = 0;
the nonhomogeneous form
3. near every p ∈ M ξ one has λ(ξ * ) = d 2 p , where d p is the geodesic distance from the point p in the metric h.
Proof. One takes
around every p ∈ M ξ and then glues these forms with the 1-form h(ξ * ) (restricted to the complement of M ξ ) using a G-invariant partition of unity.
Remark 4.2. The section β = a * (λ) ∈ Γ(A * ) satisfies the conditions
.
Assuming that for a given ξ ∈ g the vector field ξ * only has isolated zeroes, and using the same notation as in the previous lemma, we now compute the integral M ω(ξ) ⊗ X ⊗ µ. For ease of notation we set
One has
= (−1) r−1 lim
where F (m, r) = min( m 2 − 1, r 2 − 1) and ω(ξ) [j] denotes the piece of degree j in Λ • A * . This expression is nicely evaluated by making a rescaling of amount ǫ in the geodesic distance from the points p and simultaneously rescaling by the same amount the generators of A * . In this way one shows that the integral (7) vanishes when r < m, while for r ≥ m only the contribution containing the term ω(ξ) [r−m] survives. The resulting contribution to the localization formula is best expressed by choosing as generator of the module Ω m (M ) the Riemannian measure associated with h, and introducing the skew-symmetric linear morphism
Then the exterior power Λ m/2L ξ (p) (we call it the Pfaffian ofL ξ (p), and denote it Pf(
which turns out to be independent of the choice of the metric h.
We have therefore the following localization formula. 
One easily checks that in the case of the "trivial" algebroid given by the tangent bundle with the identity map as anchor, this reduces to the ordinary localization formula for the equivariant de Rham cohomology (see e.g. [1] ).
Remark 4.5. If r ≥ m and the rank of the linear morphism a at the point p is not maximal (i.e., less than m), then R γ,ξ (p) = 0. This is no longer true when the zeroes of the vector field ξ * are not isolated: one can indeed see that an ℓ-dimensional zero locus may yield a nonzero contribution to the right-hand side of the localization formula if r + ℓ ≥ m. △ Example 4.6. Let M = S 2 with the action of SO (2) given by rotation around a diameter, and A the Lie algebroid given by the distribution whose leaves are the "parallels". Choose spherical coordinates (φ, θ), with φ the azimuth, and θ the colatitude. Explicit computations show that an equivariantly closed element in Q • has the form
where P is a polynomial, g any function on S 2 , and τ = ∂ ∂φ ⊗ sin θ dθ ∧ dφ ∈ H 0 (Q A ). Therefore we have
in accordance with our localization formula. △ Remark 4.7. One can as usual state a localization formula related to the action of a vector field on M . Let M be a compact oriented m-dimensional manifold, let X ∈ Γ(TM ) be a vector field on M with isolated zeroes and such that the one parameter group of diffeomorphisms generated by X has compact orbits. Let A be a rank r Lie algebroid on M such that there existsX ∈ Γ(A) with a(X) = X (where a is the anchor map). Then, for the integration of a form γ ∈ Γ(∧ • A * ⊗ ∧ r A ⊗ ∧ m T * M ) such thatδ X γ := (δ − iX )γ = 0, the localization formula (4.4) holds.
One can replace the assumption of compactness of the integral curves of X by assuming that X is an isometry of a given Riemannian metric on M . △
Connections and characteristic classes for Lie algebroids
Several applications of the localization formula may be given by using a notion of characteristic class for a Lie algebroid. We start by introducing a notion of connection, cf. [6] .
Let A be a Lie algebroid with anchor a, and let P p − → M be a principal bundle with structure group K. Note that the pullback p * A = A × M P carries a natural K-action, and A ≃ p * A/K. Moreover, the induced map p * : T P/K → T M is the anchor of the Atiyah algebroid (2).
Definition 5.1. An A-connection on P is a bundle map η : p * A → E such that:
the following diagram commutes:
If P is the bundle of linear frames of A, η is called an A-linear connection.
An ordinary connection on P (regarded as the associated horizontal liftη : p * T M → T P ) defines an A-connection η for P by letting η =η • p * a.
If E p E
− − → M is a fibre bundle associated with P via a representation of K on the standard fibre, an A-connection on P defines a similar structure on E, that is, a bundle map η E : p * E A → T E which makes the diagram
commutative; moreover, the map η E is linear is the sense that if we look at p * E A as the fibre product A × M E, then η E is R-linear in the first argument (see [6] for the details). The A-connection η E defines in the usual way a covariant derivative ∇ :
. This covariant derivative satisfies the Leibniz rule
for all functions f on M .
By its equivariance, an A-connection η for a principal K-bundle P defines a bundle map ω η : A → T P/K, called the connection 1-section of η. One has p * • ω η = a. In terms of this map we can define the curvature R η of η as the element in Γ(Λ 2 A * ⊗ T P/K) given by
As a matter of fact p * • R η = 0, so that R η is an element in Γ(Λ 2 A * ⊗ ad(P )).
The Chern-Weil homomorphism is defined as follows. Let
is the Lie algebra of K), choose an A-connection η for P , and for any ℓ-multilinear function
where the summation runs over the permutations of 2ℓ objects. One proves as usual that this cochain is δ-closed, and that the resulting cohomology class [λ Q ] does not depend on the connection, thus defining a graded ring homomorphism λ :
is the usual Chern-Weil homomorphism into the de Rham cohomology of M , then there is a commutative diagram
2 A section X of T P/K is a K-invariant vector field on P . Since there is an obvious map T P → Diff 1 0 (P ×V ), where V is the standard fibre of E, by equivariance X yields a differential operator on E whose symbol is scalar.
Using the Chern-Weil homomorphism one can introduce various sorts of characteristic classes for the Lie algebroid A. However due to diagram (9) , and somehow unpleasantly, these characteristic classes are nothing more that the image under a * of the corresponding characteristic classes for the tangent bundle T M .
When k = gl(r) and Q is the i-th elementary Ad-invariant polynomial, the corresponding characteristic class will be denoted by λ i .
In order to introduce an equivariant Chern-Weil homomorphism we need a notion of moment map. We define that first in the case when P is the bundle of linear frames GL(A) of an algebroid A (so in this case k = gl(r), with r = rk A and ad(P ) ≃ End(A)), and η is an A-linear connection.
If a Lie algebra homomorphism b : g → Γ(A) is defined, making the diagram (6) commutative, then the associated moment map µ ∈ Γ(End(A)) ⊗ g * is defined by letting for all ξ ∈ g and α ∈ Γ(A)
(By eq. (8), µ(ξ) is a section of End(A)).
In the case of an A-linear connection the data for building the moment map are intrinsic to the pair A, b. In the case of an A-connection on a principal bundle P , one needs an additional datum, i.e., an infinitesimal action of g on P compatible with the structural K-action on P , that is, a Lie algebra homomorphism c : g → Γ(T P/K) such that p * •c =ρ. Then the moment map is defined as µ = c − ω η • b and takes values in ad(P ).
If Q ∈ I • (gl(r)) is an Ad-invariant symmetric function on the Lie algebra gl(r), one has
G . The following statement is easily proved. When Q is the i-th elementary Ad-invariant polynomial ς i on gl(r) we shall denote by λ g i (A) (i = 1, . . . , r)) the corresponding equivariant characteristic class. These only depend on the Lie algebroid A and on the choice of the homomorphism b.
A Bott-type formula
As a first application of our localization theorem we prove a result which generalizes the classical Bott formula [2] as well as similar results by Cenkl and Kubarski [4, 9] . Bott's formula comes in different flavours, according to the assumptions that one makes on the vector field entering the formula. The case we consider here generalizes the usual Bott formula for a vector field with compact integral curves.
Let A be a rank r Lie algebroid over a compact oriented manifold M , with anchor a. Recall that a section α ∈ Γ(A) defines a Lie derivative L α : Γ(A) → Γ(A) by letting L α (β) = {α, β}. This defines a Lie algebra homomorphism and satisfies the identity a(L α (β)) = L a(α) (a(β)). We remind that as a consequence, if a(α)(p) = 0 (where
Let us recall [2] that one defines the Chern classes (or invariant polynomials)
If Φ is a polynomial of r variables, we may define for every p in the zero locus of a(α) the real numbers
As a matter of fact, since A is a real vector bundle, Chern classes of odd order vanish identically, so one might better introduce Pontrijagin classes
We can also use the polynomial Φ to attach a real number to the algebroid A. To this end, and in view of applying the localization formula, let us assume that the vector field a(α) is as in Remark (4.7), and that there is a fibre metric H in A, and a Riemannian metric h in M such that, at the points where both the anchor a is injective and the section α vanishes, H = (a * ⊗ a * )(h) (notice that, whenever the rank of the algebroid is greater than the dim M , there are no such points). Assume, moreover, that the section ω ∈ Γ(Q A ) given by
(where the σ i 's form a basis of the sections of A) is closed under the differential D defined in Section 2 and therefore singles out a class (that we denote again by ω) in H 0 (Q A ). Then, thanks to the usual identification between Γ(Q A ) and C ∞ (M ), the equation Dω = 0 becomes a linear homogeneous differential equation for a smooth function on M and the compatibility condition for the metrics can be read as Cauchy data at a finite number of isolated points. Notice that a solution to such a problem may always be constructed gluing the solutions of the local Cauchy problems in a neighbourhood of each isolated point by means of a a(α)-invariant partition of unity (remind that we are assuming the compactness of the integral curves of a(α)).
We may now define
where the λ i are the characteristic classes defined in the previous section. We will show that this number only depends on the Lie algebroid A. We also define the element in Sym
One has the the following Bott-type result:
Theorem 6.1. Let A be a Lie algebroid on a compact oriented manifold M , and let α ∈ Γ(A) be any section such that the vector field a(α) has compact integral curves and has isolated zeroes. Let Φ be a homogeneous polynomial in r = rk (A) variables. Then if r = dim M one has
(where the sum runs over the zeroes of α at which the anchor is an isomorphism), while Φ(A) = 0 if the condition r = dim M does not hold.
Here we have set Φ(a(α), p) = Φ(c 1 (L a(α),p ) , . . . , c r (L a(α),p )) .
Proof. Let r = rank(A) and m = dim M . We apply the localization formula to the evaluation of the integral (10) denoting by t the element in the Lie algebra g ≃ R and using the b map t → tα, obtaining
for r = m, while Φ g (A) = 0 otherwise. The vanishing of Φ g (A) for r < m comes from Theorem 4.4, while for r > m it is a consequence of the fact that the A-curvature computed at p explicitly appears in the right-hand side of the localization formula, while the left-hand side does not depend on it. In this way we can choose an A-connection whose curvature is zero at the localization points.
For r = m the localization formula of Theorem 4.4 is easily put in the desired form using the fact that the only points where a(α) vanishes and the rank of a is maximal are the zero points of α in which the anchor is an isomorphism, and in these points the anchor intertwines the metrics h and H. At these points one also has Φ(α, p) = Φ(a(α), p) and L α,p = L a(α),p .
The right-hand side of the formula (13) does not depend on the variable t in the Lie algebra g ≃ R, so that we may set t = 0 in the left-hand side, thus obtaining the formula (12) .
As claimed before, this result shows the independence of the characteristic number Φ(A) on the fibred metric H on A. One should note that the contributions in the right-hand side of Eq. (12) are the same as in the usual Bott formula for the vector field a(α), but the sum is done on a smaller set of fixed points. 
